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ABSTRACT 
I t  h a s  been s u g g e s t e d  t h a t  t h e  seismograph r e c o r d i n g  o f  
t h e  Apol lo  12 LM impact  was t h e  r e s u l t  o f  a  s p r a y  o f  secondary  
e j e c t a  around t h e  seismometer  r a t h e r  t h a n  t h e  r e s u l t  o f  s e i s m i c  
waves p ropaga ted  through t h e  moon. W e  have made a  t h e o r e t i c a l  
s t u d y  o f  t h e  b a l l i s t i c  t r a j e c t o r i e s  , p l a u s i b l e  a n g u l a r  d i s t r i b u -  
t i o n s  and s e i s m i c  s i g n a l s  t o  b e  e x p e c t e d  from such a  s p r a y .  
Secondary e j e c t a  canno t  accoun t  f o r  s i g n a l s  a r r i v i n g  e a r l i e r  t h a n  
4 5  s e c o n d s ,  b u t  c o u l d  e x p l a i n  t h e  remaining p o r t i o n  o f  t h e  s i g n a l  
p rov ided  t h a t  t h e  a n g u l a r  d i s t r i b u t i o n  of  t h e  secondary  e j e c t a  
are assumed t o  peak s h a r p l y  i n  t h e  v e r t i c a l  d i r e c t i o n .  Hence, it 
i s  concluded t h a t  one can  n e i t h e r  prove  n o r  d i s p r o v e  t h e  h y p o t h e s i s  
/ t h a t  a  s u b s t a n t i a l  p o r t i o n  o f  t h e  s i g n a l  i s  due t o  secondary  e j e c t a .  
The p lanned  S-IVB impact  a t  a  g r e a t e r  d i s t a n c e  may 
r e s o l v e  some o f  t h e  ambigui ty .  I f  t h e  s i g n a l  c o n t a i n s  a  c o n t r i b u -  
t i o n  due t o  t h e  secondary  e j e c t a  t h e n  t h e r e  s h o u l d  b e  a  d i s c e r n i b l e  
d i f f e r e n c e  between t h e  o n s e t  s i g n a l ,  co r respond ing  t o  a  s e i s m i c  
p r o p a g a t i o n  v e l o c i t y  of  3-4 km/sec measured by Latham, and a  l a t e r  
s i g n a l  whose a r r i v a l  co r responds  to  a  f l i g h t  v e l o c i t y  o f  1 .68  km/sec. 
A d d i t i o n a l l y ,  t h e  secondary  e j e c t a  h y p o t h e s i s  i n d i c a t e s  t h a t  t h e  
t i m e  o f  occur rence  o f  t h e  b road  peak s h o u l d  s c a l e  a s  t h e  s q u a r e  
r o o t  o f  t h e  d i s t a n c e  i f  t h e  a n g u l a r  d i s t r i b u t i o n  i s  assumed t o  b e  
t h e  same a s  f o r  t h e  LM impact .  
S i n c e  meteoro id  impact  shou ld  g i v e  an a n g u l a r  d i s t r i b u t i o n  
s i m i l a r  t o  t h a t  from an S-IVB impac t ,  t h e  d e b r i s  from t h e i r  secondary  
e j e c t a  c o u l d  g i v e  e q u i v a l e n t  s i g n a l s .  The e j e c t a  model proposed 
h e r e  may be  more a p p l i c a b l e  t o  me teoro ids  t h a n  t o  t h e  LM, s i n c e  t h e  
secondary  e j e c t a  due t o  me teoro id  impact  a r e  e x p e c t e d  t o  peak a t  
h i g h e r  a n g l e s .  
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In t roduc t ion  
Immediately a f t e r  t h e  rendezvous of  t h e  Apollo 12 
LM wi th  t h e  CSM t h e  sepa ra t ed  LM was commanded t o  perform a 
burn which caused it t o  impact t h e  l u n a r  s u r f a c e  about 75.9 km 
uprange of a p rev ious ly  deployed ALSEP Pass ive  Seismic 
Experiment (PSE). A few seconds a f t e r  t h e  impact of t h e  LM 
t h e  seismometer began t o  record  a broad band wave t r a i n  cen- 
t e r e d  a t  about 1 Hz. The p r e s e n t  e s t i m a t e  of t h e  f i r s t  s i g n a l  
a r r i v a l  ( 2 3  s e c . )  i s  s t i l l  be ing  r e f i n e d  by a d e t a i l e d  examina- 
t i o n  of t h e  magnetic t a p e s .  The ampli tude b u i l t  up t o  a broad 
maximum a t  six-seven minutes and then  slowly d i e d  away over  
t h e  n e x t  50 minutes ( s e e  Figure. 1). Since t h a t  t i m e  a number 
of s i m i l a r  e v e n t s ,  be l i eved  t o  be due t o  meteoroid impacts i n  
t h e  v i c i n i t y  of t h e  land ing  s i t e ,  have a l s o  been recorded.  
Cur ren t  s e i smic  t h e o r i e s  a t tempt ing  t o  e x p l a i n  t h e s e  
s i g n a l s  r e q u i r e  t h e  assumption of l u n a r  Q ' s  i n  excess  o f  2500, 
much h ighe r  than  anything observed on e a r t h .  I n  a d d i t i o n ,  a 
number of people  have suggested t h a t  t h e  unusual  s i g n a l s  may 
have been caused by t h e  r a i n  of  secondary e j e c t a ,  thrown up by 
t h e  impacting LM, around t h e  PSE. These secondary e j e c t a  may 
have r e s u l t e d  from a s i n g l e  impact c r a t e r  o r  from m u l t i p l e  
impact c r a t e r s  c r e a t e d  by t h e  low angle  impact o f  t h e  LM (less 
than 4 O  from t h e  h o r i z o n t a l ) .  I t  i s  p l a u s i b l e  t h a t  t h e  recorded 
seismometer s i g n a l  due t o  LM impact may be due t o  both  seismic 
and secondary e j e c t a  sources .  
I n  t h i s  paper  w e  i n v e s t i g a t e  t h e  e j e c t a  hypothes i s  i n  
d e t a i l  assuming t h a t  on ly  a s i n g l e  impact c r a t e r  has r e s u l t e d .  
W e  c a l c u l a t e  t h e  allowed t r a j e c t o r i e s  and t r a v e l  t i m e s ,  i n v e s t i -  
g a t e  p l a u s i b l e  angula r  d i s t r i b u t i o n s  and p a r t i c l e  d e n s i t i e s ,  
and a t tempt  t o  model t h e  s e i smic  s i g n a l s  which would be observed 
when l u n a r  d u s t  p a r t i c l e s  r a i n  down on t h e  l u n a r  s u r f a c e  c l o s e  
t o  t h e  PSE. 
Since  t h e  l a s t  two, t h e  p a r t i c l e  d e n s i t y  d i s t r i b u t i o n s  
and t h e  modeling of t h e  seismic s i g n a l s ,  r e q u i r e  assumptions 
which a r e  d i f f i c u l t  i f  n o t  impossible  t o  v e r i f y  due t o  l a c k  of 
exper imenta l  d a t a ;  we a r e  unable e i t h e r  t o  prove o r  d i sp rove  
t h e  hypothes i s .  However, w e  are a b l e  t o  p o i n t  o u t  some c h a r a c t e r -  
i s t i c s  which such s i g n a l s  must have and which may be used t o  
test t h e  hypothes i s  a f t e r  t h e  examination of f u t u r e  s i g n a l s  
wi th  o t h e r  LM and S- IVB impacts.  
Allowable T r a j e c t o r i e s  
I n  F igure  2 we show t h e  geometry o f  p o s s i b l e  t r a j e c t o r i e s  
connect ing t h e  LM and t h e  seismometer, f o r  both t h e  curved moon 
and t h e  f l a t  moon approximation. We have found t h a t  t h e  f l a t  moon 
approximation i s  mathematically s impler  and adequate ,  and we w i l l  
d i s c u s s  it he re .  The r equ i r ed  express ions  f o r  t h e  curved moon 
case  a r e  de r ived  i n  t h e  appendix,  and only t h e  r e s u l t s  w i l l  be 
d i scus sed  here .  
Following t h e  nomenclature of Figure  2 ,  t h e  v e l o c i t y  
and t i m e  of f l i g h t  of a  p a r t i c l e  t r a v e l i n g  between t h e  p o i n t  
of LM impact A and t h e  seismometer B can be de r ived  from mechanics 
a s  fo l lows:  
V s i n  O 
= t / 2  
g  
(V cos  O )  t = X (2) 
where 
V = magnitude of t h e  p a r t i c l e  v e l o c i t y  a t  p o i n t s  A and B 
g  = a c c e l e r a t i o n  due t o  l una r  g r a v i t y  
O = e l e v a t i o n  angle  of t h e  t r a j e c t o r y  
X = d i s t a n c e  between A and B. 
Solving f o r  V and t g ives  
Simi l a r  b u t  more complex express ions  a r e  de r ived  
f o r  a  curved moon i n  t h e  Appendix. The e q u i v a l e n t  of expres-  
s i o n  ( 3 )  is worth examining. From t h e  Appendix 
- t an  O W =  t a n  (O+f 
2f = 2.5' is t h e  c e n t r a l  angle  between A and B ,  whi le  W i s  a 
non-dimensional energy parameter which i s  def ined  a s  
where Ro i s  t h e  l u n a r  r a d i u s ,  a i s  t h e  semi-major a x i s  of t h e  
e l l i p s e  and u i s  t h e  l u n a r  g r a v i t a t i o n a l  cons t an t .  Observe t h a t  
W = -1 f o r  V = zero  
W = 0  f o r  V = c i r c u l a r  v e l o c i t y  
W = +1 f o r  V = p a r a b o l i c  escape  v e l o c i t y  
W > 1 f o r  hyperbol ic  escape v e l o c i t i e s  
F igure  3 and express ion  (5)  i l l u s t r a t e  t h e  a l lowable  
t r a j e c t o r i e s .  The e a r l i e s t  p a r t i c l e  t o  a r r i v e  t r a v e l s  a long  a 
c i r c u l a r  t r a j e c t o r y  a t  t h e  s u r f a c e  of  t h e  moon wi th  t h e  o r b i t a l  
v e l o c i t y  of  1.68 km/sec. Thus t h e  e a r l i e s t  a r r i v a l  time i s  
given by 2fR,/1.68 = 45 seconds. There i s  no way t h a t  a  b a l l i s -  
.. 
t i c  p a r t i c l e  can g e t  t o  t h e  PSE f a s t e r  than  t h i s  on a  s o l i d  
moon. Equation (5 )  a l lows f o r  f a s t e r  t r a j e c t o r i e s ,  b u t  t h e s e  
t r a v e l  through t h e  moon. 
A s  t h e  e j e c t i o n  angle  O r i s e s  from zero ,  t h e  r e q u i r e d  
v e l o c i t y  t o  reach  B drops o f f  u n t i l  an angle  of 45'-f/2 i s  
reached where t h e  v e l o c i t y  i s  a  minimum. This i s  e q u i v a l e n t  
t o  t h e  well-known s o l u t i o n  f o r  minimum energy t r a j e c t o r y ,  0=45O, 
f o r  a  f l a t  moon. I n  t h i s  p a r t i c u l a r  ca se  t h e  v e l o c i t y  has  f a l l e n  
o f f  from 1.68 km/sec (5510 f p s )  t o  .35 km/sec ( 1 1 4 0  f p s )  . The 
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t r a j e c t o r y  fo l lows  an e l l i p s e  whose occupied focus  i s  a t  t h e  
c e n t e r  o f  t h e  moon and t h e  vacan t  focus  i s  mid-point between 
A and B. The f l i g h t  t i m e  i s  approximately f i v e  minutes.  
F u r t h e r  i n c r e a s e  i n  t h e  e j e c t i o n  ang le  causes  a symmetric 
i n c r e a s e  i n  v e l o c i t y  u n t i l  a t  2(45O-f/2) = 90'-f w e  aga in  r each  
1 .68 km/sec ( c i r c u l a r  v e l o c i t y ) .  The t r a j e c t o r y  now fo l lows  
a  symmetric e l l i p s e  where t h e  l i n e  AB i s  c o i n c i d e n t  w i th  t h e  
minor a x i s  o f  t h e  e l l i p s e  and t h e  f l i g h t  t i m e  h a s  r i s e n  t o  
89 minutes.  Subsequent i n c r e a s e  i n  t h e  e j e c t i o n  ang le  g i v e s  
rise t o  f u r t h e r  i n c r e a s e  i n  v e l o c i t y  and t i m e  o f  f l i g h t  w i t h  
long  a r c  t r a j e c t o r i e s  ( i . e . ,  more of  t h e  e l l i p s e  i s  above t h e  
moon t h a n  be low) ,  u n t i l  w e  r each  escape  v e l o c i t y  and a  para-  
b o l i c  t r a j e c t o r y  a t  an  e j e c t i o n  ang le  o f  90'-f/2. 
F u r t h e r  i n c r e a s e  i n  t h e  e j e c t i o n  ang l e  g ive s  
t r a j e c t o r y  s o l u t i o n s  which a r e  hype rbo l i c  w i t h  v e l o c i t i e s  
g r e a t e r  t han  escape  b u t  which r e q u i r e  t h e  p a r t i c l e  t o  go 
through i n f i n i t y  b e f o r e  r each ing  t h e  PSE. These t r a j e c t o r i e s  
occupy e j e c t i o n  ang l e s  from 0=90°-f/2 t o  0=180°-f/2 where 
aga in  w e  have a  p a r a b o l i c  t r a j e c t o r y .  
The sma l l  ang l e  between 180'-f/2 and 180' a l lows a  
series of  h igh  v e l o c i t y  t r a j e c t o r i e s ,  Vcircular < ' < 'escapef 
which g i v e  r e t r o g r a d e  pa th s  from A t o  B and a r e  long  a r c  t r a -  
j e c t o r i e s .  S ince  t h e  s h o r t e s t  o f  t h e s e ,  0=180°, t a k e s  108 
minutes t o  cover  t h e  journey,  they  a r e  of  l i t t l e  i n t e r e s t  i n  
t h i s  problem. Indeed,  w e  a r e  r e a l l y  on ly  i n t e r e s t e d  i n  t h o s e  
t r a j e c t o r i e s  between 0=0° and 0=90°-f s i n c e  t h e  seismic r eco rd  
d i s appea r s  i n t o  t h e  n o i s e  a f t e r  about  one hour .  Thus, i f  w e  
a r e  t o  g e t  p a r t i c l e s  f a l l i n g  around t h e  seismometer ,  w e  r e q u i r e  
on ly  t h e  LM t o  a c c e l e r a t e  p a r t i c l e s  t o  v e l o c i t i e s  between .35 
and 1.68 km/sec i n t o  t h e  forward quadran t .  The seismometer 
i s  on ly  a  few degrees  o f f  t h e  f l i g h t  pa th  o f  t h e  incoming LM; 
any peaking of  p a r t i c l e s  i n  azimuth would a f f e c t  t h e  a n a l y s i s  
below i n  a  d i r e c t i o n  f a v o r a b l e  t o  t h e  secondary e j e c t a  hypo thes i s .  
P a r t i c l e  Densi tv  D i s t r i b u t i o n s  
P a r t i c l e  d e n s i t y  i s  de f ined  a s  t h e  number of p a r t i c l e s  
p e r  second impact ing u n i t  a r e a  about  t h e  seismometer.  F igure  4 
shows t h e  unweighted d e n s i t y ,  n ( t ) ,  i . e . ,  assuming i s o t r o p i c  
e j e c t i o n  of  p a r t i c l e s  and uniform d i s t r i b u t i o n  of v e l o c i t i e s  
between t h e  minimum energy v e l o c i t y  of .35 km/sec and t h e  cir-  
c u l a r  o r b i t  v e l o c i t y  o f  1 .68 km/sec. The equa t i on  f o r  p a r t i c l e  
d e n s i t y ,  u s i n g - t h e  f l a t  moon approximat ion,  i s  ( s e e  Appendix) 
n ( t )  = nME 2 COS" 8 
where tME = i s  t h e  t i m e  of f l i g h t  of  t h e  minimum energy 
t r a j e c t o r y  and nME i s  t h e  corresponding a b s o l u t e  p a r t i c l e  
d e n s i t y ,  whose va lue  i s  d i scussed  l a t e r .  The curved moon 
s o l u t i o n  d i f f e r s  p r imar i ly  f o r  smal l  t ,  wi th  n ( t )  having a 
maximum a t  t=2.5  minutes. For t >8 minutes ,  n  (t) dec reases  
approximately a s  t-4. Equation ( 6 )  r e f l e c t s  t h e  f a c t  t h n t  
t i n c r e a s e s  more r a p i d l y  f o r  l a r g e  0 than  f o r  smal l  8 ;  a l s o  
f o r  an i s o t r o p i c  d i s t r i b u t i o n ,  t h e  number of  p a r t i c l e s  e j e c t e d  
dec reases  a s  cos 0 .  
I n s t ead  of  number of impacting p a r t i c l e s ,  one can 
cons ide r  t h e  impacting energy.  The unweighted energy d e n s i t y ,  
e ( t )  , i s  
where m i s  t h e  mass of i n d i v i d u a l  p a r t i c l e s ,  d i s cus sed  l a t e r .  
For a  f l a t  moon t h i s  reduces ,  us ing  ( 3 )  and ( 4 )  , t o  
e ( t )  = eME = c o t  8 
1 
where em = - m Vm 2 2 "ME i s  t h e  energy d e n s i t y  f o r  t h e  minimum 
energy t r a j e c t o r y .  The curved moon s o l u t i o n  (Figure  4 )  is very 
c l o s e  t o  t h e  f l a t  moon except  a t  smal l  t where a s t e e p  r i s e  
occurs  .* 
The unweighted p a r t i c l e  and energy d e n s i t i e s  do n o t  
f i t  t h e  a c t u a l  seismogram. The f i t  can be improved by employing 
an a p p r o p r i a t e  a n i s o t r o p i c  d i s t r i b u t i o n .  I f  t h e  e l e v a t i o n  
angle  d i s t r i b u t i o n  i s  p ( 8 ) ,  then  t h e  weighted p a r t i c l e  d e n s i t y ,  
N (t) , i s  simply 
S i m i l a r l y  t h e  weighted energy d e n s i t y  i s  
k  The case  when p ( 8 )  has  t h e  form s i n  8 i s  d i scussed  i n  t h e  
Appendix; f o r  k=2 t h e  maximum d e n s i t y  occurs  when t=t 2 5 ME 
minutes. I f  w e  s u b s t i t u t e  t h e  a c t u a l  seismogram f o r  t h e  l e f t  
hand s i d e s  of  equa t ions  (8)  and (9)  and so lve  f o r  p  ( 8 )  , we 
o b t a i n  t h e  angula r  d i s t r i b u t i o n  which w i l l  e x a c t l y  f i t  t h e  
seismogram (except  f o r  t i m e s  l e s s  than  4 5  s econds ) ,  a s  shown 
i n  F igure  5. The extended t a i l  of  t h e  seismogram causes  t h e s e  
d i s t r i b u t i o n s  t o  be extremely skewed toward 90°. A t  very low 
and very high a n g l e s ,  abrupt  changes occur .  The behavior  a t  
8=0 r e s u l t s  from t h e  f a c t  t h a t  t h e  seismogram i s  non-zero a t  
t h e  minimum b a l l i s t i c  a r r i v a l  t i m e  b u t  t h e  p a r t i c l e  d e n s i t y  i s  
zero. Conversely,  f o r  l a r g e  8 ( long  t imes )  t h e  s i g n a l  becomes 
l o s t  i n  t h e  n o i s e ,  b u t  t h e  p a r t i c l e  d e n s i t y  i s  non-zero. 
So f a r  we have d i scussed  t h e  p o s s i b l e  t r a j e c t o r i e s ,  
t r a v e l  t i m e s  and the  form of t h e  number d e n s i t y  and energy 
d e n s i t y  of  p a r t i c l e s  t o  be expected i n  t h e  v i c i n i t y  of t h e  
seismometer. Now w e  must f ace  t h e  ques t ion  whether t h e r e  are 
enough p a r t i c l e s  and whether they have s u f f i c i e n t  energy t o  
cause t h e  observed s i g n a l .  
A t  t h e  Apollo Lunar Science Conference it was s t a t e d  
t h a t  t h e  average s i z e  of l u n a r  d u s t  p a r t i c l e s  i s  6 0 ~  wi th  an 
-7  
average m a s s  of  3 x 10 gms (assuming a  d e n s i t y  o f  3 and s p h e r i c a l  
shape ) .  I f  we assume f u r t h e r  t h a t  t h e  impacting LM a c c e l e r a t e d  
6  i t s  own mass, approximately 3 x 1 0  gms, i n  d u s t  p a r t i c l e s  up t o  
v e l o c i t i e s  between .35 km/sec and 1.68 km/sec, which is e n e r g e t i c a l l y  
f e a s i b l e ,  and t h a t  a l l  p a r t i c l e s  were t h e  same s i z e  ( 6 0 y ) ,  then 
13  
we would have 10 p a r t i c l e s .  The va lue  of t h e  cons t an t  nME 
m 
i n  equa t ion  ( 6 )  (see Appendix) i s  t h u s  .08/mL/sec which l e a d s  
2 t o  p a r t i c l e  d e n s i t i e s  a t  4-5 minutes of  about . l / m  / s ec  f a l l i n g  
i n  t h e  v i c i n i t y  o f  t h e  seismometer. I n  o r d e r  t o  exp la in  t h e  
seismogram, i n  t h e  reg ions  of both high and low s i g n a l  l e v e l ,  
one would r e q u i r e  peak p a r t i c l e  n  e r s  of  t h e  o rde r  of 100/sec 
and need t o  d e t e c t  s i g n a l s  from impacts up t o  17 meters  (56 f e e t )  
away. Thus w e  have t o  determine whether a . 3  ugm p a r t l c l e  
t r a v e l i n g  a t  v e l o c i t i e s  between .35  km/sec and 1 .68 km/sec 
would have s u f f i c i e n t  energy t o  be dbserved.  
1 McGarr, Latham and Gault  provide some d a t a  ob ta ined  
from t h e  Ames Research Center l i g h t  gas  gun f a c i l i t y  which a r e  
r e l e v a n t  t o  o u r  d i s c u s s i o n  here .  The i r  Figure  4a shows t h e  
maximum a c c e l e r a t i o n  a t  t h e  s u r f a c e  of a  l oose  sand t a r g e t  a t  
2  f e e t  from t h e  impact po in t .  The l e a s t  squares  l i n e  through 
t h e  e i g h t  s h o t s  shows t h a t  a c c e l e r a t i o n  v a r i e s  a s  where 
E i s  t h e  k i n e t i c  energy of t h e  impacting p a r t i c l e s .  
Using t h e i r  d a t a  f o r  t h e  two geophones normalized 
t o  t h e  same d i s t a n c e ,  t oge the r  wi th  t h e i r  measured s i g n a l  
p e r i o d s ,  we have c a l c u l a t e d  t h e  displacement  a t  2 f e e t .  These 
d a t a  a r e  p l o t t e d  i n  Figure  6A. A l i n e  of t h e  form E p r e s e n t s  
a  good f i t  t o  t h e  d a t a .  Ex t r apo la t ion  t o  t h e  energy range of  
3 i n t e r e s t ,  between 1 .7  x  l o 2  e r g s  and 4.2 x  10 e r g s ,  g ives  
displacements  between 4 and 1 2  nanometers a t  a  d i s t a n c e  of 2  
f e e t ,  as shown i n  Figure  6B. S ince  t h e  seismometer i s  s e n s i -  
t i v e  t o  s i g n a l s  of  less than one nanometer, it would appear 
t h a t  t h e  s i g n a l s  a r e  l a r g e  enough i f  t h e  a t t e n t u a t i o n  i n  t h e  
l u n a r  r e g o l i t h  between t h e  impact p o i n t  and t h e  seismometer i s  
n o t  t o o  l a r g e .  I n  t h e  same paper McGarr, e t  a l ,  r e f e r  t o  t h e i r  
previous  work where se i smic  s i g n a l s  i n  l oose  sand f a l l s  o f f  a s  
e - Y r  
, where r is t h e  d i s t a n c e  from t h e  seismometer and t h e  
.. 
L 
a t t e n u a t i o n  c o n s t a n t  y i s  i n v e r s e l y  p ropor t iona l  t o  Q. I f  t h e  
f a c t o r  e -y r  i s  ignored w e  f i n d  t h a t  a s  t h e  a r e a  of i n t e g r a t i o n  
i s  inc reased ,  t h e  t o t a l  energy/sec i n  t h e  v i c i n i t y  of  t h e  
seismometer i n c r e a s e s  as log  r. I n  o r d e r  t o  o b t a i n  a  s u f f i c i e n t  
s i g n a l  we had prev ious ly  es t imated  t h a t  s i g n a l  responses  a v e r  
a  r a d i u s  of 17 meters would be requi red .  Since t h e  wavelength 
of  t h e  s i g n a l s  measured by McGarr, e t  a l ,  was approximately 
0.15 meters t h i s  would r e q u i r e  a Q of  about 50. T o  be a b l e  t o  
d e t e c t  a s e i smic  s i g n a l  from t h e s e  p a r t i c l e s ,  w e  had t o  assume 
t h a t  s e i smic  displacement  v a r i e s  a s  I 3 l l 3 *  However, wi th  t h e  
- 
assumption,  t h e  s i g n a l  ampli tude f a l l s  o f f  a s  t - 3 * 3 ,  much 
t o o  f a s t  t o  be compensated by any p l a u s i b l e  e l e v a t i o n  angle  
d i s t r i b u t i o n .  The assumption of E dependence, wi th  a  s i g n a l  
f a l l i n g  o f f  a s  tn2, g ives  a  b e t t e r  f i t .  
The McGarr , e t  a l ,  d a t a  show, E l l 3  dependence; however, 
theory  based on s c a l i n g  laws2 suppor t s  E dependence. The 
apparen t  d i f f e r e n c e  a r i s e s  from t h e  f a c t  t h a t  t h e  r e l a x a t i o n  
t i m e ,  which i s  supposed, t o  s c a l e  a s .  J3113, was i n  p r a c t i c e  
v i r t u a l l y  independent of energy.  This may be because t h e  
mechanism of an explos ion  d i f f e r s  from t h e  slowing up of a 
smal l  p r o j e c t i l e  i n  sand. Indeed a  very crude b i l l i a r d  b a l l  
c o l l i s i o n  model of  t h e  slowing up process  i n d i c a t e s  t h a t  t h e  
t ime of slowing up would be dominated by t h e  l a s t  and t h e  next-  
t o - l a s t  c o l l i s i o n s .  The t ime between t h e s e  c o l l i s i o n s  would be 
p r o p o r t i o n a l  t o  t h e  mean f r e e  pa th  and i n v e r s e l y  p r o p o r t i o n a l  t o  
t h e  f i n a l  v e l o c i t y  of p a r t i c l e s  whose energy could no longer  
produce f r e e  motion i n  t h e  p a r t i c l e s .  Both parameters a r e  func- 
t i o n s  of  t h e  s o i l  c h a r a c t e r i s t i c s ,  n o t  of  t h e  v e l o c i t y  of  t h e  
incoming p a r t i c l e ,  and hence t h e  slowing up t ime would be inde- 
pendent of  t h e  v e l o c i t y  and energy of t he  incoming p a r t i c l e .  
Conclusions 
We have shown t h a t  it i s  f e a s i b l e  t o  o b t a i n  p a r t i c l e  
t r a j e c t o r i e s  which g ive  r i s e  t o  s e i smic  s i g n a l s  of t h e  proper  
du ra t ion .  Any s i g n a l  a r r i v i n g  e a r l i e r  than  t h e  4 5  seconds 
r e q u i r e d  f o r  a  p a r t i c l e  i n  c i r c u l a r  o r b i t  t o  reach t h e  PSE must 
be due t o  o t h e r  causes ,  most probably se i smic  propagat ion.  
S ince  examination of  t h e  magnetic t apes  p r e s e n t l y  p o i n t s  t o  an 
onse t  t ime of 23 seconds3,  t h e  f i r s t  2 2  seconds of t h e  recorded 
s i g n a l  cannot be due t o  secondary e j e c t a .  
W e  have a l s o  shown t h a t  i f  t h e  exper imental  r e s u l t s  
of  McGarr, e t  a l ,  can be e x t r a p o l a t e d  over  seven o r d e r s  of magni- 
tude ,  then  t h e  s i g n a l s  due t o  microgram impacts can produce 
d e t e c t a b l e  s i g n a l s  i n  t h e  seismometer. Since t h e s e  s i g n a l s  
w i l l  be a r r i v i n g  succes s ive ly  from d i f f e r e n t  d i r e c t i o n s ,  w e  would 
expec t  s i m i l a r  s i g n a l s  on a l l  t h r e e  axes which a r e  phase i ncohe ren t ,  
as a c t u a l l y  observed by Latham. Since t h e  t i m e  of  i n t e r a c t i o n  of  
an impacting p a r t i c l e  wi th  t h e  l u n a r  su r f ace  i s  very s h o r t  (% one 
m i l l i s e c o n d ) ,  we would a l s o  expec t  t h e  s i g n a l s  f o r  t h e  Apollo 13  
LM impact event  t o  be a t  t h e  upper l i m i t  of t h e  s l ior t  per iod  
seismometer frequency response.  
Some p r e d i c t i o n s  can a l s o  be made about t h e  p o s i t i o n  
of  t h e  broad peak, i f  t h e  s e i smic  record  i s  p r imar i ly  due t o  
p a r t i c l e s .  I f  f o r  S-IVB impacts t h e  angula r  d i s t r i b u t i o n  o f  
t h e  p a r t i c l e s  i s  s i m i l a r  t o  t h a t  assumed he re  f o r  t h e  LM, then  
t h e  o s i t i o n  s f  t h e  peak w i l l  be delayed by a t i m e  which scales 
a s  &, where x i s  t h e  d i s t a n c e  between t h e  impact p o i n t  and t h e  
seismometer. 
S ince  meteoroid impacts w i l l  g ive  angula r  d i s t r i b u t i o n s  
s i m i l a r  t o  t hose  from S-IVB impacts ,  then  t h e  d e b r i s  from t h e i r  
secondary e j e c t a  could g ive  e q u i v a l e n t  s i g n a l s .  One cannot  use  
t h e  argument t h a t  because we s e e  similar m e t e o r i t i c  impact even t s  
then t h e  s i g n a l  cannot be due t o  e j e c t a .  The e j e c t a  model f i t s  
t h e  meteoroid ca se  b e t t e r  t han  t h e  LM case  because w e  would 
expec t  t h e  d e b r i s  t o  be peaked a t  h igh angles  l ead ing  t o  s i g n a l s  
which s lowly rise and then f a l l .  
F i n a l l y ,  s i n c e  we have had t o  make assumptions which 
a r e  d i f f i c u l t  t o  prove,  e s p e c i a l l y  r e l a t i n g  t o  number of p a r t i c l e s  
t h a t  a r e  a c c e l e r a t e d  t o  t h e  r equ i r ed  v e l o c i t y  and a l s o  t h e  s i z e  
of s i g n a l s  t h a t  microgram p a r t i c l e s  w i l l  g ene ra t e  i n  a  seismometer,  
w e  must conclude t h a t  t h e  hypothes i s  t h a t  p a r t  o r  a l l  of t h e  s i g -  
n a l s  a r e  caused by e j e c t a  i s  n e i t h e r  proved nor  disproved.  
C l e a r l y  i f  t h e  S - I V B  impact produces a  seismogram and i t s  impact 
p o i n t  i s  200 k m  d i s t a n t ,  a s  planned,  t h e  o n s e t  time p r e d i c t e d  
by a propagat ion mechanism w i l l  be 60 seconds e a r l i e r  than t h a t  
p r e d i c t e d  by an e j e c t a  hypothes i s .  This t ime d i f f e r e n c e  should 
permit  i d e n t i f i c a t i o n  of t h e  dominant '  mechanism. 
D 8. 
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The fol lowing a n a l y s i s  i gno res  t h e  angula r  r o t a t i o n  
of  t h e  moon, t h e  e f f e c t  of which i s  n o t  s i g n i f i c a n t .  Consider 
f i r s t  t h e  case  where t h e  t r a j e c t o r y  between A and B (see 
Figure  2 )  r e p r e s e n t s  t h e  s h o r t  a r c  of  t h e  e l l i p s e .  Le t  f be 
t h e  c e n t r a l  ang le  between LM and apolune,  s o  t h a t  IT-£ i s  t h e  
t r u e  anomaly. Given f ,  0 ,  and R o t  one can determine t h e  tra- 
j ec to ry  parameters ,  a ,  e ,  and t h e  e j e c t i o n  v e l o c i t y  V as 
fol lows.  From t h e  energy equa t ion ,  
Def ining t h e  non-dimensional parameter 
w e  g e t  
The f l i g h t  pa th  angle  of an e l l i p t i c  t r a j e c t o r y  i s  given by 
e s i n  f 
tan = - 
BELLCOMM, I N C .  
Solving f o r  e  g ives  
s i n  0 
e = 
s i n  ( e + f )  
The formula f o r  r a d i a l  d i s t a n c e  y i e l d s  
- 
a  (l-ez 1- 
R~ 1-e cos f  
o r ,  from ( 3 ) ,  
cos f  - e  W = -e 1-e cos  f  
S u b s t i t u t i n g  ( 6 )  g ives  
cos  f  - e  - s i n ( % + f ) c o s f  - s i n e  
- 
cos  (0+f )  
1 - ecosf s i n  (0+f )  - s i n e  cosf cos 0 
s o  t h a t  from (6)  and (8) 
w = -  t a n  0 
t a n  (0+f )  
o r ,  u s ing  (21,  
The minimum energy e l l i p s e ,  denoted h e r e a f t e r  by t h e  subscript 
MI?,, can be ob ta ined  by minimizing ( 1 0 ) .  D i f f e r e n t i a t i n g  and 
equa t ing  t o  zero  l eads  t o  
- R f  
_ - a -
'ME 4 2  
An a l t e r n a t i v e  geometric proof o f  ( 1 2 )  may be of 
i n t e r e s t .  The family  of e l l i p s e s  pas s ing  through A and B has  
s m a l l e s t  major a x i s ,  and hence minimum energy,  when t h e  vacan t  
focus  i s  a t  t h e  midpoint of  t h e  j o in ing  chord. Thus t h e  chord 
is t h e  l a t u s  rectum and t h e  t anqen t  l i n e  a t  t h e  ex t remi ty  has  
- 
cos f  R f  
s l o p e  tane=e.  But it i s  e a s i l y  seen t h a t  e=l+sinf-tan(- - 4 T ) .  
W i s  symmetric about eME. This  can be seen by d e f i n i n g  
Equation ( 1 0 )  can then  be w r i t t e n  
t a n  
F igure  A 1  p l o t s  V vs .  0 f o r  f=1.25'. I n  t h i s  f i g u r e ,  
r e t r o g r a d e  e l l i p s e s ,  which a c t u a l l y  occur  f o r  IT-f/2 < 0 5 IT, 
a r e  i n d i c a t e d  by nega t ive  8.  
A comparison wi th  t h e  f l a t  moon s o l u t i o n  (dashed 
curve i n  F igure  A l )  i s  of  i n t e r e s t .  Equation ( 3 )  of t h e  main 
t e x t  kcan be w r i t t e n  
IT 
where t h e  minimum energy v e l o c i t y  f o r  O m  = a i s  
BELLCQMM, I N C .  - A4 - 
'ME, f l a t  i s  on ly  12.4 f p s  less than VME,curved 
More gene ra l ly  i f  equa t ion  (11) is  expanded i n t o  a - T a y l o r ' s  1 
s e r i e s  f o r  smal l  f ,  one can show t h a t  f o r  8 > >  t anpA£  
'curved ' ' f l a t  41-£cot8 
Tra j ec to ry  t i m e  o f  f l i g h t  t can be ob ta ined  from 
Kep le r ' s  equa t ion .  L e t  E be t h e  e c c e n t r i c  anomaly corresponding 
t o  f  ( i . e . ,  IT-E i s  t h e  " t r u e "  e c c e n t r i c  anomaly f o r  IT-f ,  f o r  t h e  
pos igrade  e l l i p s e s * ) .  Then 
Now 
cos £ - e  
cos E = 1 - e  cos f  
s o  t h a t  from (9) 
cos (8+f )  
cos E = 
cos 8 
~ l s o  from (61, ( l o ) ,  and (15) 
*To o b t a i n  t h e  long a r c  of  r e t r o g r a d e  e l l i p s e s ,  E should 
be rep laced  by IT-E i n  (13) ; and s i m i l a r l y  f o r  (18) . 
s i n  8 
e  s i n  E = - 
s i n  (8+f )  
cos2 e 
2 = 4 1 - W  s i n  8 
Equation (13) can then be w r i t t e n  
c o s ( 8 + f )  + t = 2  cos 8 s i n  8 (18) I 
Figure  A2 p l o t s  t vs.  8 .  The minimum, which occurs  
#------ 
when @ = O f  i s  tmin = Zf d R 0 3 / a  = 45.2 sec .  The r e t r o g r a d e  
c i r c u l a r  o r b i t  i s  tmin l e s s  than t h e  o r b i t a l  pe r iod  
P = 2.n = 108.4 min. For t h e  minimum energy e l l i p s e  
t~~ = 5 .-17 minutes.  The dashed curve shows t h e  f l a t  moon - - 
s o l u t i o n ,  namely ( c f .  equa t ion '  ( 4 )  o f  t h e  main t e x t )  
t = tm J t a n  8 
where 
'ME, f l a t  t u r n s  o u t  t o  be only  4 . 4  seconds l e s s  than  tMEtcurved. 
2 .  Impact Dens i t i e s  
Suppose t h a t  t h e  d i s t r i b u t i o n s  of v e l o c i t y ,  azimuth,  
and e l e v a t i o n  of t h e  e j e c t e d  p a r t i c l e s  a r e  g iven ,  say d  (V) , 
q ( 4 )  , and p  (8) , r e s p e c t i v e l y .  For s i m p l i c i t y  we assume t h a t  
t h e s e  d i s t r i b u t i o n s  a r e  mutually independent.  I f  NT i s  t h e  
t o t a l  number of p a r t i c l e s  it i s  convenient  t o  normalize t h e  
v e l o c i t y  d i s t r i b u t i o n  s o  t h a t  
lmax d(V) dV = NT 
min 
Since t h e  d e n s i t y  of  p a r t i c l e s  pas s ing  through a  s u r f a c e  
element dS(=coseded$) of a u n i t  hemisphere cen te red  a t  t h e  
LM i s  q ( @ ) p ( 8 ) c o s e d e d $ ,  w e  a l s o  have 
I f  t h e  d i s t r i b u t i o n s  a r e  i s o t r o p i c  i n  d i r e c t i o n  and uniform i n  
v e l o c i t y  (denoted by t h e  s u b s c r i p t  0 ) , then  
Assuming i n i t i a l l y  a  f l a t  moon, we wish t o  determine 
t h e  number of  p a r t i c l e s  impacting w i t h i n  a  smal l  square  of 
s i d e  A about t h e  PSE (wi th  coord ina tes  (D,O)--see f i g u r e  below) 
and w i t h i n  a  s m a l l  t ime i n t e r v a l  about t ,  say ( t - ~ / 2 ,  t + ~ / 2 ) .  
Note t h a t  when making t h e  t ransformat ion  between e j e c t i o n  
v a r i a b l e s  (V ,  @ , I $ )  and impact v a r i a b l e s  (x ,y  , t)  , t h e  d i f f e r e n t i a l  
elements t rans form according t o  
dVd0 = J d t d x  
where J i s  t h e  Jacobian 
When t h e  t ransformat ion  i s  i n  t h e  form 
f o r  l y l  smal l  
then  it i s  easy t o  v e r i f y *  t h a t  
The number of  impacting p a r t i c l e s  can now be w r i t t e n  
t + ~ / 2  D+A/2  A/2 
cos 0 J ( t , x ) d t d x d y  % ~ ( t )  * T A  2 
i - . / 2  /D-A/2 
d ( V ) p ( e ) q ( + )  y-- 
where t h e  (weighted) p a r t i c l e  impact d e n s i t y ,  ~ ( t ) ,  i s  g iven  by 
wi th  V and e expressed i n  terms of t and D.** I f  d(V) , p.(0) , and 
q ( 4 )  are a l l  uniform, (equa t ions  (19) ) , one g e t s  t h e  unweighted 
p a r t i c l e  impact d e n s i t y  
The weighted d e n s i t y  can then be w r i t t e n  as 
s i n c e  po ( e ) = l .  
*A f o r m a l i s t i c  proof i s  a s  fol lows : dV=VedO+Vxdx, 
dt=tedO+tXdx. Hence (dv-vedO) tede=Vxdx (dt- txdx)  . Dropping 
terms i n  do2 and dx2 g ives  dVdO=Vx/tOdxdt. 
**I f  t h e  azimuth of  t h e  PSE is  4 then i n  ( 2 1 )  q (0)  i s  
r ep l aced  by q ( m O )  . 0 ' 
The preceding a n a l y s i s  i s  e a s i l y  modified t o  t r e a t  
t h e  impact ing energy r a t h e r  than number of p a r t i c l e s . "  
Assuming t h a t  a l l  p a r t i c l e s  have t h e  same mass m,  then  t h e  
energy density--unweighted and weighted--is simply 
E ( t)  = V2 N (t) 
where V i s  eva lua t ed  a t  t ,  D. 
For a s p h e r i c a l  moon t h e  v a r i a b l e  x i s  rep laced  by t h e  
c e n t r a l  ang le  f ,  and t h e  nominal d i s t a n c e  D by F. I n  a d d i t i o n  
2 For a f l a t  moon w e  f i n d  e a s i l y  t h a t  J=cosO/tME , 
whence 
where nMEl t h e  p a r t i c l e  d e n s i t y  f o r  t h e  minimum energy t r a j e c t o r y  
i s  given by 
C1 
*The ex t ens ion  t o  (energy) i s  t r i v i a l .  One can a l s o  a l low 
f o r  v a r i a b l e  d i s t r i b u t i o n  of mass, and even f o r  se i smic  response 
t h a t  depends on t h e  d i s t a n c e  of t h e  p a r t i c l e  impact from t h e  PSE. 
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The energy d e n s i t y  i s  
e ( t )  = em * c o t  8 
- 
-2 
- em (t/tME) 
where, from (24) and ( 2 6 )  
For a curved moon w e  g e t ,  a f t e r  a l g e b r a i c  s i m p l i f i c a t i o n ,  
t a n  8 
3 
- - R~ c s c (  +F) . s i n  cos  (0+F) ) 
'e ' ( s i n  (e+F)  - 1.1 ( 1 -w)  2 cos 8 f=F 
- A l l  - 
whence 
n ( t )  - 
- -  
F(1-W) s i n  e / s i n  (O+F) 
where nME = 
"ME, f l a t  i s  t h e  f l a t  moon d e n s i t y  a t  minimum ene rgy ,  
g iven  by ( 2 6 ) .  The a c t u a l  d e n s i t y  f o r  t h e  curved moon i s  
F  c o t  F  
n  = n  . ME, curved ME,f1at (1 + s i n  F )  2  
The energy  d e n s i t y  can be  s i m i l a r l y  de r i ved .  The l e f t  s i d e  of  
(31) r e p l a c e s  n  by e ,  w h i l e  t h e  r i g h t  s i d e  i s  m u l t i p l i e d  by 
(l+W)/F. W e  a l s o  g e t  
- 
* cos  F / ( l + s i n F )  3  e ME,curved - , f l a t  
Suppose now t h a t  t h e  d i s t r i b u t i o n  o f  e j e c t e d  p a r t i c l e s  
i s  a n i s o t r o p i c ,  w i t h  p  ( 0 )  g iven  by 
k p ( 0 )  = ( k + l )  s i n  0 (32) 
The e f f e c t  of  azimuth e n t e r s  on ly  i n  t h e  c o n s t a n t  f a c t o r  q ( O ) ,  t 
and hence does n o t  a f f e c t  t h e  a n a l y s i s .  Assuming d(V) t o  be 
uniform,  w e  g e t  from (23) 
k N (t) = ( k+ l )  s i n  0 n ( t )  
k E ( t )  = ( k + l )  s i n  e e ( t )  
'or q ($o)--compare f o o t n o t e  on page A 8. 
Comparatively s imple  express ions  a r e  ob ta ined  i n  t h e  case  o f  a  
f l a t  moon. From (25) and (27) w e  g e t  
k 2 N ( t )  = C(k+l )  s i n  8 cos  8 
E (t) = C (k+ l )  sink-' 8 cos 8 
The above a n a l y s i s  can be inve r t ed .  Given t h e  a c t u a l  
seismogram reco rd ,  say S ( t ) ,  one can determine t h e  angular  
d i s t r i b u t i o n  p ( 8 )  r equ i r ed  t o  produce S ( t ) ,  f o r  t exceeding 
t h e  minimum a r r i v a l  time. Using a  number d e n s i t y  c r i t e r i o n ,  
and assuming uniform d i s t r i b u t i o n  of  v e l o c i t i e s ,  one has  
This equa t ion  prov ides  merely t h e  r e l a t i v e  densi ty-- the  proper  
magnitude i s  ob ta ined  by an app rop r i a t e  choice  of A ,  t h e  d i s -  
t ance  about  t h e  PSE f o r  which p a r t i c l e  impacts a r e  cons idered  
s i g n i f i c a n t ;  T ,  t i m e  u n i t  f o r  reckoning impact d e n s i t y ;  and 
N T ,  t o t a l  number of  e j e c t e d  p a r t i c l e s .  S i m i l a r l y ,  u s ing  an 
energy d e n s i t y  c r i t e r i o n ,  
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The e f f e c t  of non-uniform v e l o c i t y  d i s t r i b u t i o n  d(V) 
of e j e c t e d  p a r t i c l e s  can be analyzed mathematically i n  a  s imilar  
manner. However, because of  t h e  symmetric behavior  of v e l o c i t y  
about t h e  minimum energy e l l i p s e ,  t h e  seismogram cannot be 
expla ined  f o r  bo th  t h e  e a r l y  and the l a t e  p o r t i o n s  s o l e l y  through 
a  v e l o c i t y  d i s t r i b u t i o n .  Given any d ( V )  one can c l e a r l y  d e t e r -  
mine t h e  corresponding angula r  d i s t r i b u t i o n  p ( 8 )  r equ i r ed  t o  f i t  
t h e  observed seismogram. Indeed,  t h e  two d i s t r i b u t i o n s  need n o t  
be independent ,  s i n c e  only  those  V-8 combinations which produce 
admiss ib le  t r a j e c t o r i e s  a f f e c t  t h e  response a t  t h e  PSE. 
TIME AFTER IMPACT (MIN) 
FIGURE 1 - SEISMIC SIGNAL RECEIVED ON,THE LONG-PERIOD VERTICAL COMPONENT 
SEISMOMETER FROM THE LM IMPACT(FR0M LATHAM, et al, REFERENCE 3) 
FLAT MOON CASE 
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FIGURE 2 - TRAJECTORY GEOMETRY 
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FIGURE 4 - PARTICLE AND ENERGY DENSITY FOR ISOTROPIC DISTRIBUTION 
NUMBER CRITERION -7 
NOTES: (1) p(0)  NORMALIZED TO UNITY AT 
MINIMUM ENERGY, 0 = 44.4' 
(2) VELOCITY DISTRIBUTION ASSUMED UNIFORM 
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FIGURE 5 -ANGULAR DISTRIBUTION p(8 )  REQUIRED TO FIT SEISMOGRAM 
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FIGURE A1 - REQUIRED VELOCITY TO IMPACT AT PSE VS. EJECTION ANGLES 
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FIGURE A2 - FLlGHTTililE VS. EJECTION ANGLE 
